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Abstract—This paper presents a second order cone program-
ming (SOCP) formulation of the optimal power flow problem for
AC-DC systems with voltage source converter (VSC) technology.
Approximation techniques have been used to derive the SOCP for-
mulation of the AC-DC OPF problem. Later, the SOCP formula-
tion can be solved using the interior point method (IPM) by consid-
ering the limits on AC-DC grid. The accuracy of SOCP formula-
tion of AC OPF has been proven with numerical examples using
IEEE 14-bus, IEEE 30-bus, and IEEE 57-bus example systems.
The results of the SOCP formulation are compared with available
commercial software. Then a DC system with VSC technology is
modeled in the IEEE 30-bus example system. The SOCP formu-
lation of AC-DC OPF is applied to the modified IEEE 30-bus ex-
ample system and the results are discussed. The limitations of de-
rived SOCP formulation are also discussed.

Index Terms—AC-DC optimal power flow, multi-terminal
HVDC systems, second-order cone programming.

NOMENCLATURE
Np 4o Number of AC buses.
by Number of DC buses and converters.
ne Number of generators.
N, Number of AC lines.
N0 Number of DC lines.

Bor, Difference phase angle between sending and
receiving ends at AC line jth.

K Set of convex cones.

C Loop matrix.

e Number of independent loops in AC network.
A Vector of coefficients.

Mpg Incidence matrix associated with AC line active

powers with size of ng . X 17, -

M, Incidence matrix associated with AC line active
power losses with size of ny, . X 17,
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Pq Vector of active power generation at each AC
bus with size of ny, . % 1 which has only n¢
non-zero elements.

Q¢ Vector of reactive power generation at each AC
bus with size of ny,, X 1 which has only n¢
non-zero elements.

Pp Vector containing active power loads at each AC
bus with size of 7, x 1.

Qp Vector containing reactive power loads at each
AC bus with size of ng . % 1.

Vector containing AC line flow active powers
at receiving end of AC lines (P, ac;,) with size
ofny,. x 1.

Pr,AC

Q, Vector containing AC line flow reactive powers
at receiving end of AC lines ((),,) with size of
.o X 1.

Vector containing AC line flow active power
losses (Poss,4¢,) at AC lines with size of
Niae X 1.

Ploss,AC

Vector containing AC line flow reactive power
losses at AC lines (Qjoss,ac;) With size of
Mo X 1.

QlossjAC

Incidence matrix associated with DC line active
powers with size of g, X 1,

Incidence matrix associated with DC line active
power losses with size of ny,,, X 7, -

Vector containing DC line flow active powers
at receiving end of DC lines ( P, ch) with size
of ny,, x 1.

Vector containing DC line flow active power
losses at DC lines (P55, pc;) With size of
Mo X 1.

Ploss,DC

B Diagonal matrix whose elements B; ; are shunt
susceptance AC nodes with size of ny, , . X 1, -

R Diagonal matrix whose elements R; ; are
resistance of AC lines with size of 717, ., X 17,...

Diagonal matrix whose elements R DO, ; are
resistance of DC lines with size of n;,. X 1y, .

Rpe

X Diagonal matrix whose elements X, ; are
reactance of AC lines with size of ny,, X 1y, -

Injected/absorbed active power vector of
converters at PCCs.

Peonv
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Qconv Injected/absorbed reactive power vector of
converters at PCCs.

Ppe Injected/absorbed active power vector at DC
buses.

Snrax,c; Capacity limit of generator at bus «.

Sarar,c, Capacity limit of converter at bus :.

Prosse, Converter block losses.

I6} Scalar representing converter losses.

I. INTRODUCTION

NTRODUCTION of high voltage direct current (HVDC)

technology has opened opportunities to transfer the electric
power between two points which in particular are remotely lo-
cated from each other.

Conventionally two types of converter, voltage source con-
verters (VSCs) and current source converters (CSCs), are em-
ployed for two terminal HVDC links. The advances in power
electronic devices and converter technology has led the multi
terminal HVDC (MTDC) systems, which are not actually a new
idea, to be suggested again as one of the solutions for intercon-
necting several generating and load points. In [1], the MTDC
systems have been proposed as a cost-efficient way to connect
offshore wind farms to the onshore AC systems. Due to practical
reasons VSC is a more suitable option for building such hybrid
AC-DC systems than its older generation, CSCs. The VSCs not
only have no reactive power demand but also can either inject or
absorb the reactive power to/from the AC grid in order to main-
tain AC side voltage as a generator [2]. The VSC technology can
rapidly control active power and at the same time reactive power
at each terminal independent of the DC power transmission [3].
Most importantly, the VSC does not need to reverse voltage po-
larity to change the direction of power flow in its DC link. As
a results of advances in cable technology suitable for VSCs the
power flow reversal is done by reversal of current direction. This
characteristic allows several VSCs to be connected in parallel
and form a meshed DC grid [4], [5]. Such hybrid AC-DC grids
built from parallel connection of VSC links have a good poten-
tial to be used in the future bulk power systems [6]. Possibility
of such connections has led to the proposition of European and
North Sea SuperGrids that could connect several renewable en-
ergy sources to a common DC network [7], [8]. However, in
order to fully reveal steady state and dynamic behavior of such
systems to be used in the real-size power systems, extensive
research has to be done. References [9] and [10] have inves-
tigated the fault occurrence in VSC MTDC grids and protection
methodologies proposed to survive them. Studying the dynamic
and transient behavior, modeling and control methodologies of
VSC MTDC grids are the main focus of [11] and [12]. Two dif-
ferent power flow approaches, unified and sequential methods,
for power flow calculation of VSC MTDC grids have been pro-
posed by [13]-{15].

One of the key aspects of such a hybrid VSC AC-DC grid
which has not been fairly addressed and reported in the litera-
ture is its impact on improving the economic efficiency of the
electricity industry. It allows lower-cost generation to be sub-
stituted by the high-cost generation and it also improves the
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allocative efficiency by reducing the deadweight loss. In order
to quantify these components of economic efficiency, these
VSC AC-DC systems and their associated DC grids need to be
modeled in the optimal power flow (OPF) formulation. Most
of the OPF modelings proposed in the literature has accounted
for CSC-HVDC links. In [16], [17], the sequential quadratic
programming (SQP) and sequential gradient-restoration algo-
rithm (SGRA) methods have been employed to solve AC-DC
OPF of AC systems with multiterminal DC systems built from
CSCs. Reference [18] has proposed a combined heuristic and
interior point method (IPM) for solving the optimal reactive
power flow (ORPF) problem in AC-DC systems incorporating
CSC converters. In [19] a model for security-constrained unit
commitment with CSC-type AC-DC systems using Benders
decomposition has proposed in which the problem is divided
into two subproblems which then solved using the mixed in-
teger programming (MIP) and Newton Raphson (NR) methods.

However, since there are several major differences between
VSCs and CSCs in both operation principle and structure,
they cannot be applied to the AC-DC system incorporating
VSCs. Most of the papers investigating OPF modeling of VSC
converters has focused on VSC-based FACTS controllers em-
bedded in AC systems [20]-[22]. In these studies, well known
SQP and NR methods and predictor-corrector primal-dual
interior point linear programming have been employed to solve
the optimization problems. There are also little literature that
has studied the OPF models incorporating two terminal VSC
HVDC links. Reference [23] has modeled VSC HVDC links
which are limited only to back-to-back VSC HVDC links in
which the nonlinear set of AC-DC load flow equations are
solved through the NR based OPF method. In [23], there is
no DC grid representation and the DC links has been only
accounted for by introducing an equation expressing that the
total amount of active power injected into the DC system
is equal to DC power losses. DC line losses have been also
defined based on the DC slack bus voltage assuming that its
value (i.e., Vpc saick) is prespecified constant value before
running the OPF. Also the control modes (i.e., PV or PQ mode)
for each converter have been considered as constraint in OPF
formulation. Recently, [24] has reported a security-constrained
unit commitment (SCUC) which considers DC grids with VSC
links. The Benders decomposition method has been used in
[24]. Given the nonconvex nature of OPF problem, in all these
studies, authors have tried to develop a convex optimization
problem through several methods, these methods suffer from
two main drawbacks: 1) loss of accuracy in results, and 2) com-
plexity of algorithms. In our paper, a set of AC-DC constraints
are developed through the line flow based (LFB) equations of
power flow. In the LFB model the independent state variables
includes bus voltage magnitudes, active and reactive line power
flows [25]. These variables i.e. bus voltage magnitude and
line power flows reflect more practical knowledge about the
system than conventional power flow variables. Moreover, it
is shown in this paper that this formulation make it possible to
obtain a convex problem thanks to some small approximations
we use in this paper. The LFB equations have been used for
different studies in power system analysis. Reference [25] has
formulated the power flow equations for load flow calculation



4284

in radial AC systems with embedded FACTS devises. In [26]
a LFB based formulation has been proposed for finding the
optimal locations of TCSC using MIP. The authors in [26]
suggest that some of the main equality constraints are replaced
by inequality constraints in order for the problem to be solved
through quadratic mixed-integer programming. Moreover, [26]
have ignored the equation representing the transmission lines
losses in order to remove the nonlinearity from the set of equa-
tions. The line power losses are the main origin of nonlinearity
of power flow equations which some literature has presented
losses as a quadratic function of difference phase angle of two
connected buses and then used a linearized approximation of
power losses [27], [28].

In our paper, we consider all nonlinear equations associated
with active and reactive losses in all AC and DC lines as a func-
tions of line flows variables. Instead of using a linearized ap-
proximation of power losses, we transform them to a conic con-
straint. Also, AC and DC line capacities and generator and VSC
capacity limitations are all converted to the conic constraints.

After formulating the problem through the line flow variables,
the problem is transformed to a second order cone programming
(SOCP) format which is a convex problem and can be efficiently
solved [29], [30]. Then through solving this convex problem, we
obtain the global optimum point of the proposed formulation. It
should be noted that there might be a small error between this
solution and solution to the original problem due to the approx-
imations used in this paper. Recently, several researchers have
studied the possibility of redefinition and recasting of the non-
linear OPF problem as an SOCP programming or semidefinite
programming problem under some mild conditions. Through
their proposed formulation a globally optimal solution for the
OPF problem can be obtained [31], [32].

In the proposed SOCP formulation of the AC-DC-OPF, un-
like [23] in which the control modes are set before running the
OPF and considered in the OPF formulation as constraint (ex-
ogenous modeling of control modes), the control modes [i.e.,
the point of common connection (PCC) as a PQ bus or PV bus
and the a DC bus as DC slack bus] can be set either before
OPF or after OPF solution is obtained (endogenous modeling of
control modes). Therefore, based on the results obtained from
our SOCP formulation of the AC-DC-OPF, one can determine
which VSC set as PV or PQ mode and which DC bus is set as
the slack bus.

In order to evaluate the accuracy of the proposed SOCP for-
mulation of the AC-DC OPF, the numerical results which are
obtained in GAMS platform using MOSEK solver [33] are com-
pared to results obtained in MATPOWER software, [34]. The
modified IEEE 30-bus test system is used as a case study.

II. VSC STATION MODEL AND OPERATION MODES

In a VSC-MTDC system with N converters, one converter
should be considered as a DC slack converter to regulate its DC
voltage around a specified value. For the sake of simplicity, the
Nth VSC is considered as slack converter. This is to ensure the
power balance in the MTDC network, i.c.,

Ppe, + Ppe, +.. .+ Ppey — PLpe=0 Q)
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Fig. 1. Equivalent circuit of an AC line.

where Pp, is the injected DC power at each DC terminal and
Pr._pc is the total loss in the MTDC network. This implies that
the active power at the PCC bus connected to a slack converter is
not specified, and this unspecified power is defined by Poony,, -
However, the converter N may control either the reactive power
Qconvy or the voltage V., n at the PCC bus V. In [23], these
control modes are set before running the OPF and considered in
the OPF formulation as constraint.

However, in the AC-DC OPF proposed in this paper all
active/reactive converter powers and voltage magnitudes at
PCCs and DC buses are considered as independent control
variables. Therefore, there is opportunity to either set these
control variables as a prespecified constant values before run-
ning the AC-DC-OPF and solve the OPF with these constraints
or obtain the specified values for these variables for which
the objective function of AC-DC-OPF has been optimized.
The slack converter also can be chosen based the output of
AC-DC-OPF in such a way that the DC voltage value of a DC
bus obtained from OPF solution can be set as the V,.;» in load
flow analysis.

III. AC-DC LINE FLOW BASED EQUATIONS

In this section, the line flow equations [25] are extended to
fully represent all AC and DC networks and converters.

A. AC Line Flow Equations

Fig. 1 shows the equivalent circuit of an AC line. Let consider
a conventional direction for each line starting from sending bus
and ending to receiving bus (see Fig. 1). The active and reactive
power balance equations for AC node other than PCCs can be
written as follows:

[PV
PG;, - PDV,, = Z MPQ(ivj)Pr,AC_,
j=1
Mac
+ Z Ml(évj)Plass,AC_j (2)
j=1
ILlAC ‘VL[AC/,
Q. — Qp, = Y Mpo(i.)Qr, + > Mi(i. ))Qtoss,
J=1 Ji=1
— B V7 3)
where
P, + Q7.
Ploss,ACj — #Bg‘,j (4)
r,AC; + er
Quoss; = — 3 i (5)
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Each element of M pg and M are as follows:

—1 if busiis the receiving end of line j
= 1 if bus i is the sending end of line j (6)
0 if bus i is not connected to line j

if bus 11s the sending end of ling j
otherwisc.

1
The equation associated with the voltage drop across each line
is written as follows:

rAC

i6, 8,
Vi, e =V, e 4
V}je,

1?” (R, +iX;5).  ®)

If both sides of (8) are multiplied by V,.e "1~ then the magni-
tude of both sides are obtained and finally both sides are divided
by V2

ij - Vrzj =2R; ;P ac; +2X;;Qr, + By Ploss ac,
+X;.Qtoss. a0, (9)

therefore (9) can be written for each AC line.

To take into account the effect of phase angle in (8), we obtain
the imaginary part of both sides in (8) and one can obtain the
following equation by assuming sinfls, ~ . and V,V, ~ 1.

Osr; = XjiPrac, — R ;0. (10)
On the other hand, a meshed power network can be seen as a
graph consisting of n. independent loops. According to graph
theory, if n;,. and n;,. are assumed to be the number of
branches and nodes of the graph, n.. can be obtained as follows:

e = N, — Npye T 1. (11)
The phase angle difference around each independent loop of a
graph is zero. Therefore another set of equations associated with
the graph loops (n. equations) can be obtained using (10) as
follows:

0 = CXP; ac — CRQ, ac (12)
where C is an incidence matrix with the size of n. x n;. This
paper proposes set of (12) to model phase angle constraints for
a meshed network. Although this approximation affects the ac-
curacy of the OPF results, the algorithm becomes much sim-
pler and faster. There are other works linearizing the voltage
angle constraints around an operating point. This might result
in a more accurate result however at higher computational time,
[35]:

1 line j is in loop 1 with the same
dircction

line j is in loop 1 with the opposite
dircction

0 line j is not in loop i.

C(i,j) =4 —1 (13)
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Fig. 2. Modeling of the AC-DC systems in the proposed OPF formulation.

B. Converters Equations

Asin Fig. 2, converters can be modeled as a dummy generator
or motor which either can absorb or inject active/reactive power
to the AC network. The phase reactor and coupling transformer
between PCCs and converters are also represented as an AC
line with equivalent inductance and resistance. The active and
reactive power balance equations at each PCC can be obtained
as follows:

Pg, — Pp, + Pconv,
nIAC'
= Z Mpq(i, )P ac,
j=1
Ao
+ Z Ml(ivj)Ploss,ACj
i=1
Qc, — @b, + Qconv,
TMac

= Z Mpq(i.5)Q,,
j=1

(14)

Mac

3 Ml ) Quoes, -

i=1

B; V72 (15)

where

Ppe, = Poconv, + Plosse, (16)

and if the converter losses are assumed to be propor-
tional to passing active power through the converter (i.e.
Prosse; = PPeoonv,) the DC power at the DC bus at each
station can be obtained as follows:

Ppe, = 1+ B)Pconv,. (17)

C. DC Grid Equations

To derive the line flow equations for the DC grid, consider
the equivalent circuit of DC line in Fig. 3. Each DC line are
numbered from 1 to n;, ¢ and specified by an optional direction
from sending bus to receiving bus (see Fig. 3). Doing so, active
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Fig. 3. Equivalent circuit of a DC line.

power balance equation at DC bus 7, pc = n; is obtained based
on the line flow variables shown in Fig. 3 as follows:

,LZDC
PDCz = - Z MPDC(i7j)P1’,DCJ
j=1
Mpe
=3 Mi,o (i, §) Piose.nc,  (18)
j=1
where
PI'QDC'
Pioss,pc; = Vz ~Rpc, ;- (19)
r,DC;

If we write the voltage drop equation for DC line 7, = n;,
we have

P, po,

VSA,DC",' = I/tr',DC‘,' + RDC‘,‘,_]" (20)

Ve bo;
If both side of (20) are multiplied by V; pc, and then get
squared and finally are divided by V2 po, Wereach

PrQ,DCJ

VSZ,DCJ- = VTZ,DCJ- + VQ—R%CJ,J- + 2PT7DCJ' RDCj.J' e2y)
T,DCJ‘

From (19), equality (21) can be rewritten as

VSQ.,DC'J - Vr2,DCJ = 2P”7DCJ' RDGJ + Ploss,DCj RDCJJ" (22)

IV. SECOND-ORDER CONE PROGRAMMING

An SOCP or conic optimization problem is a nonlinear
convex problem which can be introduced as a general form
of linear programming accompanied by nonlinear constraints
which are in form of convex cones. Many kinds of problems
such as LP and QP can be formulated as SOCPs and be effi-
ciently solved through polynomial time IPMs [29], [30]. This
optimization problem has the following form:

Min F¥Xo
subject to AXo =b
Xo < Xo < Xo

Xo €k (23)
where Xo € R™ is the optimization variable vector and F' and
b are constant vectors. If the variables are divided into Xo =
[Xset],..., Xsetg] in such a way that each element of Xo

only belongs to one set of Xset;, then the additional condition,
i.e.,, Xo € x is fulfilled
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if x = {ki,..., K, } are convex cones and
{Xo € R": Xset; € ki =1,...,p}. (24)
Assuming Xset; = [£1,...,%,,,, |7, each cone r; in (24) can

have two following forms:
1) Second Order Cone: The standard form of this kind of
cone is as follows:

(25)

2) Rotated Quadratic Cone: This kind of cone is obtained by
rotating a Kgoc with an angle of 45 degrees in 1 — =2 plane
which has the following form:

Nset;
kroe = § Xo € Rt 1 229 > E ZIJ?,l'l,ZL‘Q >0
i=3

(26)

Therefore if the constraints involves some linearly independent
function and nonlinear inequality which can be transformed to
form of ksoc and kg, the problem can be efficiently solved
using [PMs.

V. PROPOSED SOCP FORMULATION FOR AC-DC-OPF

We assume the FT in (23) to be the vector of short-run mar-
ginal cost for all exiting generating units in the system. We use
this linear objective function, since the standard form of the
conic problem shown in (23) has a linear objective function.
However, one can use the piecewise linearization methods or
other more accurate linear models for a cost objective functions.
Let us define Xo vector as (27):

T T T T T T
Xo= [WAC7WDC7P1~,ACer vPloss,ACaPloss,Dc’v

T
P&.Q&. Péonv QgONVj| (27)

where W ¢ is the vector of square of AC bus voltages Wpe
is the vector of square of DC bus voltages. From derived (2),
(3, 4, (5), (9), (12), (14), (15), (17), (18), (19) and (22) the

constraint in the AC-DC OPF problem are as follows:
(A) Linear constraints:

Pg — Pp+ Pconv — MpgPr ac — MiPiyes ac =0

(28)
Qe — Qp + Qconv — MpqQ, — MiQy,,,
—BWjie =0 (29)
2RP, ac +2XQ, + 2RPioss ac + 2X Qs
- Mw, Wic=0 (30)
O — XP, ac +RQ,. =0 (1)
CXPrac —CRQ, poc =0 (32)
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XPiossac — RQupss =0 (33)
Ppc — (1 + B)Pconv =0 (34)
Ppc + MppePrpe + M1, Pioss pc =0 (35)
2Rpc P, pc + RpcPiosspc — Mw,.Wpec =0  (36)

where (28) and (29) are associated with AC buses’ mis-
match constraints, (30) is associated with voltage drop
equation constraint for AC lines, (31) is associated with
phase angle difference on AC lines, (32) is associated with
algebraic sum of phase angles in each independent loop,
(33) represents the relation between active and reactive
power losses at AC lines, (34) represents the relation be-
tween injected DC power at DC grid and converter power
at PCC buses, (35) is associated with DC buses’ mismatch
constraints and finally (36) represents the DC voltage drop

constraint on DC lines.
(B) Non-Linear constraints:
Foreach AClinej =1,...,m,.:

Ploss.ACj VV’!‘ACj = (Pz:'le + Qz]) RJ’,]‘. (37)
ForeachDClinej =1,...,n,.:
Ploss,DC_j Wrn(,j - P,%ch RDC./',J' (38)

where W,

rpo,

and W,

rac, are the square of DC

It should be noted that the appropriate sets are
replace by (onss,AcyaWpA(.j,P,., ac;,Qr,;) and
(PlOSSYDCj./W],wDC_,P,»7DCj). The other inequality
constraints can be defined as follows:

fori=1,...,n,,

2 —2
Yic, £Wac, £V,

Py < Pg, < P,
QGL' S QG; S QG,

fori=1,...,
Peonvy, £ Peony, < Pconv,
QCON\Q < QCONV,;, < GC()NH

fori=1,...,n,.

5 —2
Yoo, £Wbpe, £ Vg,

P, pe, < Prpc; < P.pe;. (42)

The underline and overline signs are used for lower
and higher limits, respectively. The present paper
considers the ideal PQ-capability curve (PQ circle)

and AC voltage at receiving end of line jth,
My, = MIT)DC and Mw,, = M;Ac. Since
I}[/”I‘[)Cj Z Os Ploss,DCj Z 0 and VVTACJ Z 07
Pioss,ac; = 0, if with a good approximation, the
equality constraints (37) and (38) are replaced with
inequality constraints, (V TDUj~,Ploss,DCj7Pr,DCj)
and (Wmcj,Plos(g,ch,PT7ch,er) form an ap-
propriate set for each AC and DC line to be recast
as a convex quadratic cone format and therefore
introduced as a rotated quadratic cone in (26). For
an arbitrary positive and sufficiently small constant

¢ > 0, one can obtain

R,
Pioes a0 W, . > (PZ . 2) ]
loss, AC; Wrae, 2 (17 ac, T @ (1+¢)
P Wo > P2 SBCL (39)
loss, DC; Wrpe, — 4y DC; (1 + 6) ’

Inequalities in (39) can be rewritten as follows:

D 2 2
2PZOSS,ACJ' WTACI 2 P,;AC]‘ + Qr‘j

2Pioss, 00, Wrpe, > Pipe, (40)
2R . -

Poss AC; :—]JPUSS AC;

loss,AC; 0+e loss,AC}
Poss 7 :—“P,oss ‘. 41
loss,DC, (te) loss, DO, 41)
Therefore (37) and (38) are replaced with (40)
and (41). Doing so, the constraints involve
linearly independent functions and nonlinear

inequality with form of kgrgc and then the
problem can be efficiently solved using IPMs.

for both generators and converters. For generator,
we only consider PQ curve as a circle which is only
based on armature current heating limit [36]. Taking
into account all practical limitations will add more
constraints to the optimization problem. Having used
the ideal characteristic, their associated nonlinear
inequality constraints can also be represented as a
rotated quadratic cone as followa:

. - 2 2
22c,%c; 2 Poony, + Qconv, (43)

where ‘liA’Gi = S?V[ar,.Gl’ ‘%Cz = S:%\Iaa:,c’,l’
Fg, = ¢, = 1/2. The proposed SOCP formulation
of the AC-DC-OPF is coded in GAMS platform
and is solved through its MOSEK package [33].
This package is particularly very efficient in solving
SOCP optimization problems via interior-point opti-
mizer. The output numerical results obtained through
MOSEK solver are compared to results obtained in
MATPOWER software [34].

VI. CASE STUDY AND SIMULATION RESULTS

Two cases are studied here; (A) The SOCP formulation of AC
OPF problem, and (B) The SOCP formulation of AC-DC OPF
problem.

A. SOCP Formulation of AC OPF

In this section, three example systems are studied. The OPF
solutions of IEEE 14-bus, IEEE 30-bus, and IEEE 57-bus
example systems are found using the SOCP formulation and
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TABLE 1
RESULTS FROM STANDARD FORMULATION (STRD) AND THE SOCP
FORMULATION (SOCP) FOR THREE IEEE TEST SYSTEMS

IEEE Test System 14 Bus 30 Bus 57 Bus

Total Cost (STRD) (3) 5370.31 5926.87  25352.88

Total Cost (SOCP) (3) 5370.25 5924.42  25327.76

Error (%) 0.001 0.041 0.099
TABLE 11

SOCP OPF AND STRD OPF RESULTS WHEN SOME LINES ARE CONGESTED
(TEST CASE IEEE 30-BUS), * SHOWS THE CONGESTED CASES

Lines’ Limit (MV A) 80* 60% 30%
Total cost (STRD) ($) 606391  6690.18  8692.26
Total cost (SOCP) (8)  6031.669  6606.892  8662.134
Pioss(STRD)(MW) 12.05 8.83 3.12
Poss (SOCP)(MW) 12.239 9.198 3.159
Ploss(LF)(MW) 12.241 9.199 3.156
Qioss (STRD)(MVar) 5097 39.11 16.54
Qloss (SOCP)(MVar) 51611 40.612 16.671
Quoss (LF)(MVar) 51.64 40.63 16.66

standard formulation of AC OPF. The SOCP formulation is
coded in GAMS platform and solved using the MOSEK solver.
The standard formulation of AC OPF is solved using the MAT-
POWER software [34]. The total generation costs, when there
is no binding constraint, are given in Table I. This table shows
0.001% error for the IEEE 14-bus example system, 0.041%
error for the IEEE 30-bus example system, and 0.099% error
for the IEEE 57-bus example system.

The IEEE 30-bus example system is used to investigate the
tightness of the SOCP relaxation and the loss over-satisfaction
issue (Table II). First, the standard formulation and SOCP for-
mulation of OPF problem are solved for 80-M VA, 60-MVA, and
30-MVA power flow limits. Then the results of SOCP formu-
lation are fed into a load flow problem and the system loss is
calculated. For the 80-M VA limit, two congested lines were ob-
served. In this case, the ohmic loss from SOCP formulation is
12.239 MW and the ohmic loss from load flow calculation is
12.241 MW which is equivalent to 0.016% difference. In the
second case, when we reduced the power flow limits to 60 MVA,
three lines hit their limits. The SOCP formulation gives us better
operating point as compared to the standard formulation while
a difference of 0.01% in ohmic loss is observed. At the 30 MVA
limit, five lines are congested. The ohmic losses calculated from
the SOCP formulation and the load flow are 3.159 MW and
3.156 MW, respectively. This is equivalent to 0.095% difference
in ohmic loss. Again in this case, the operation cost from SOCP
formulation is less than the one from standard formulation. This
issue of convex relaxation has been studied in a few literatures.
Reference [37] studies some limitations of the semidefinite pro-
gramming (SDP) relaxation of OPF problem especially those
which are based on the conventional injection model [31]. Ref-
erence [38] shows that conic relaxation, i.e., replacing equality
to inequality constraints is exact only for radial networks pro-
vided that there is no upper bound on active and reactive loads

IEEE TRANSACTIONS ON POWER SYSTEMS, VOL. 28, NO. 4, NOVEMBER 2013

TABLE III
REsuLTS FROM STRD FORMULATION AND SOCP
FORMULATION OF AC-DC OPF For IEEE 30-Bus TEST

SYSTEM
Pg, Gy
(MW) (MV AR)
STRD SOCP STRD SOCP
Gl 156.34 156.221 0 0
G2 140.00 140.00 8.11 7.868
G5 0 0 34.63 33.607
G8 0 0 38.67 39.444
Gl1 0 0 16.01 15.929
GI3 0 0 24.00 24.00
STRD SOCP
Total Cost ($) 5926.87 5924421
Total P-losses (MW) 12.94 12.821
Total Q-losses (MV AR) 54.17 53.601
Total P-Generation (MW) 296.34 296.221
Total Q-Generation (MV AR) 121.42 120.848
Total Q-Shunt (MV AR) 59.95 58.954

(load over-satisfaction). For a meshed network, authors in [39]
show that if the phase angle constraints are eliminated from
the original OPF problem and then the conic relaxation is ap-
plied, the obtained problem has an exact solution of the orig-
inal problem provided some extra conditions are met. These
conditions include no upper bound on active and reactive loads
(load over-satisfaction) and successful angle recovery. They in-
troduced some conditions under which the omitted phase an-
gles can be recovered. It is shown that the phase angle recovery
conditions are always valid for the tree networks, whereas it
fails for the meshed networks in some cases. To handle this
problem, they proposed installing a number of phase shifters
in the meshed network to satisfy the phase angle recovery con-
ditions. In our proposed SOCP formulation of OPF problem,
we do not eliminate the phase angle constraints rather we in-
corporate them using a set of approximated equations given in
(12). Also, we use loss over-satisfaction using the relaxation in
(40) and (41) which is strongly related to the load over-satisfac-
tion assumption. However as shown in Table II, even for low
limits on power flows, the total power losses obtained in both
standard OPF and SOCP OPF are very close. Negative nodal
price is another issue discussed in the convex relaxation litera-
ture of OPF problem. Power markets operate at conditions with
negative nodal prices with some regularity. Binding power flow
constraints might create negative nodal prices. The relaxation
in (40) and (41) appear to allow for increasing losses and thus
prevent the occurrence of negative nodal prices. The detailed
discussion of this issue has been left to the future extensions of
this work.

B. SOCP Formulation of AC-DC OPF

To evaluate the proposed SOCP formulation of AC-DC-OPF,
the IEEE 30-bus test system is modified and used. Since DC
grid and their associated converters has not been implemented in
MATPOWER software, only the results of proposed SOCP for-
mulation for AC-OPF are used to be compared to results of AC
OPF obtained in MATPOWER software. The detailed results
obtained for IEEE 30-bus test system is given in Table III. As it

i-siaodedon
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Fig. 4. Modified IEEE 30-bus test system with embedded DC system.

is seen the results are very close and this highlights the accuracy
and correctness of the proposed SOCP formulation of AC-DC-
OPF. It should be noted that active and reactive power and losses
through each line which are variables in SOCP are almost iden-
tical. In order to implement the proposed SOCP formulation of
AC-DC-OPF, the IEEE 30-bus test system with two installed
three terminal DC system is used. This is shown in Fig. 4. This
DC grid can have two different V and Delta configurations. Con-
verters VSC1, VSC2, VSC3, VSC4, VSC5 and VSC6 are con-
nected to AC buses 2, 6, 5, 1, 15 and 30, respectively. The DC
voltage levels according to the ABB High Voltage Cable (HVC)
product range are 80 kV, 150 kV and 320 kV [2]. In this paper,
M9 module which has the highest voltage (320 kV) level is
chosen for both cases. The converter power rating are chosen
100 (MVA). As it was mentioned, through the proposed OPF
the PCCs can either set to be in one of the PV or PQ modes
before running the OPF or active/reactive powers. AC voltage
at PCC are considered as state variables and their final values
from OPF are considered as economic values. Similarly, either
an arbitrary DC bus can be set as the slack bus before running
OPF or the DC slack is selected based on the OPF results. In
our paper, none of the mentioned control modes are used for
converters and only the boundary condition on converter vari-
ables are considered. Doing so, the converter variables are free
to get a value for which the objective function is minimized.
The OPF results are given in Tables IV and V. In Table IV, the
P —losses— DC is only the losses associated with DC lines. As

TABLE IV
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RESULTS OF SOCP FORMULATION OF AC-DC-OPF FOR IEEE 30-BUS TEST
SYSTEM WITHOUT (WO) AND WITH (W) TWO INSTALLED VSC-DC GRIDS

Fg, G;
(MW) (MV AR)
WO w WO w
Gl 156.221 150.44 0 0
G2 140.00 140.00 7.868 4.72
G5 0 0 33.607 6.24
G38 0 0 39.444 27.62
Gl1 0 0 15.929 9.53
GI13 0 0 24.00 12.43
WO w
Total Cost ($) 5924421  5798.57
Total P-losses (MW) 12.821 3.82
Total Q-losses (MV AR) 53.601 14.19
Total P-Generation (M W) 296.221 289.92
Total Q-Generation (MV AR) 120.848 36.16
Total Q-Shant (MV AR) 58.954 61.19
Total Qcony (MV AR) 0 43.00
Total P-losses-DC grid (M W) 0 2.10

TABLE V

RESULTS OF SOCP FORMULATION OF AC-DC-OPF FOR MTDC SYSTEM

DC  Voltage Pconv;, Qconv;
Bus (p.u.) (MW) (MV AR)
D1 1.06 -79.96 17.31
D2 1.05 25.74 2.68
D3 1.04 52.53 26.89
D4 1.06 -59.91 -17.45
D5 1.05 40.44 10.07
D6 1.05 18.45 3.49
TABLE VI

RESULTS OF SOCP FORMULATION OF AC-DC-OPF FOR IEEE
30-Bus TEST SYSTEM WITH INSTALLED VSC DC GRIDS WITH
CONVERTER RATING 50 MVA AND 100 MVA

Converter Rating (MV A) 50 100
Total Cost ($) 5808.94  5798.57
Total P-losses (M W) 5.39 3.82
Total Q-losses (MV AR) 20.86 14.19
Total P-Generation (MW) 290.45 289.92
Total Q-Generation (MV AR) 60.56 36.16
Total Q-Shant (MV AR) 60.60 61.19
Total Qconv (MV AR) 25.89 43.00
Total P-losses-DC grid (MW) 1.06 2.10

can be observed from the results due to economic allocation of
converter variables the total AC losses are reduced which results
in lower generated power and correspondingly lower generation
cost. The reactive power generation also has been decreased due
to local reactive power injected by converters.

In another analysis, the converter’s rating powers are set to a
lower value 50 (MVA) to see its impact on converter variables
and total generation cost. The corresponding results are given
in Tables VI and VII.
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TABLE VII
RESULTS OF SOCP FORMULATION OF AC-DC-OPF FOR
MTDC SYSTEM WITH INSTALLED VSC DC GRIDS WITH
CONVERTER RATING OF 50 MVA AND 100 MVA

DC Voltage Pconv,; Qconv, Converter Rating

Bus (p.u.) (MW) (MV AR) (MV A)
D1 1.06 -79.96 17.31 100
1.06 -50.00 0 50
D2 1.05 25.74 2.68 100
1.05 12.33 1.73 50
D3 1.04 52.53 26.89 100
1.05 36.79 17.86 50
D4 1.06 -59.91 -17.45 100
1.06 -49.56 -6.63 50
D5 1.05 40.44 10.07 100
1.05 32.49 9.43 50
D6 1.05 18.45 3.49 100
1.05 16.29 3.49 50

VII. CONCLUSION

This paper has successfully introduced SOCP in trans-
forming nonlinear nonconvex AC-(VSC-)DC OPF problems
into nonlinear convex problems. Comparing the introduced
SOCP results with those from available commercial software
(MATPOWER) proves the presented technique as an alternate
reliable method for solving nonlinear non-convex AC-DC OPF
equations. Through the proposed SOCP formulation of AC-DC
OPF problem, several benefits of the DC systems with VSC
technology can be evaluated.
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